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Abstract: In this article we report a novel analytic solution for a cosmological model with a
matter content described by a one component dissipative fluid, in the framework of the causal
Israel-Stewart theory. Some physically well motivated analytical relations for the bulk viscous coef-
ficient, the relaxation time and a bariotropic equation of state are postulated. We study within the
parameter space, which label the solution, a suited region compatible with an accelerated expansion
of the universe for late times, as well as stability properties of the solution at the critical parameter
values γ = 1 and for s = 1/2. We study as well the consequences that arise from the positiveness of
the entropy production along the time evolution. In general, the accelerated expansion at late times
is only possible when  ≥ 1/18, which implies a very large non-adiabatic contribution the speed of
sound.
PACS numbers: 98.80.k, 04.20.Jb, 05.70.-a
I. INTRODUCTION
As an alternative to ΛCDM , the DM unified models
do not invoke a cosmological constant. In the framework
of general relativity, non perfect fluids drive accelerated
expansion due to the negativeness of the viscous pres-
sure, which appears from the presence of bulk viscosity.
Therefore, a cold DM viscous component is a kind of uni-
fied DM model that could, in principle, explain the above
mentioned transition without the inclusion of a DE com-
ponent.
At background level, where a homogeneous and
isotropic space describes the universe as a whole, only
bulk viscosity is present in the cosmic fluid and the dis-
sipative pressure must be described by some relativistic
thermodynamical approach for non perfect fluids. This
implies a crucial point in a fully consistent physical de-
scription of the expansion of the universe using dissipa-
tive processes to generate the transition. Meanwhile, in
the ΛCDM model the acceleration is due to a cosmolog-
ical constant and the entropy remains constant, in the
case of non perfect fluids it is necessary to find a solu-
tion that not only consistently describes the kinematics of
the universe, but also that satisfies the thermodynamical
requirements, such as the positiveness of entropy gen-
eration. In the case of a description of viscous fluids,
the Eckart’s theory [1] has been widely investigated due
to its simplicity and became the starting point to shed
some light in the behavior of the dissipative effects in the
late time cosmology [2] or in inflationary scenarios [3].
In order to avoid superluminal propagation of the vis-
cous effects and inestabilities, it is necessary to include
a causal description of relativistic non perfect fluids such
as the one given by the Israel-Stewart (IS) theory [4]- [7].
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We shall assume a barotropic EoS for the one compo-
nent fluid that filled the universe, with the expression
p = (γ − 1) ρ, (1)
where p is the barotropic pressure, ρ is the energy density.
Since our aim is to describe the evolution of the universe
with dissipative normal matter, we shall consider that
the EoS parameter lies in the range 1 ≤ γ < 2.
For the bulk viscous coefficient ξ(ρ) we use the follow-
ing Ansatz:
ξ = ξ0ρ
s, (2)
which has been widely considered as a suitable function
between the bulk viscosity and the energy density of the
main fluid. ξ0 is a positive constant because of the second
law of thermodynamics [8]. This particular election of ξ
is rather arbitrary, since we are not considering a micro-
scopic model of the dark matter that allows, in principle,
to evaluate directly this coefficient from statistical me-
chanics. On the other hand, the differential equation for
the Hubble parameter obtained with this Ansatz can be
integrated for some particular values of s. In the cases
s = 1/2 the differential equation is the most simple to
solve.
Taking into account the above assumptions, the IS the-
ory leads to a nonlinear ordinary differential equation
that has been solved and investigated in many previous
works for some particular parameter values. Using, for
example, the factorization method, some new exact para-
metric solutions for different values of the viscous param-
eter s were found in [9]. A particular solution for stiff
matter and s = 1/4 was found in [10]. Other exact solu-
tions found in [11] well describe determined periods of in-
flationary and non inflationary evolutions of the universe.
Inflationary solutions and their stability properties were
studied in [12]. Using a particular Ansatz for the viscous
pressure, a solution for the corresponding IS-cosmology
is found in [13].
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2One important assumption in the thermodynamical
approaches of relativistic viscous fluids is the near equi-
librium condition, i.e., that the viscous pressure must
be lower than the equilibrium pressure of the fluid. In
the case of the solutions that present acceleration from
the beginning, like the bulk viscous inflation case, or at
some stage, like those that could represent the late tran-
sition between decelerated and accelerated expansions,
the above condition is not fulfilled, therefore the appli-
cation of these theories is not strictly justified. A non
linear extension of IS theory to take into account desvia-
tions from the near equilibrium condition was formulated
in [14]. This non linear extension was investigated in the
context of inflation [15] and also in late time phantom
behavior [16].
Our novel solution generalizes the exact solution found
in [17], for the particular values s = 1/2, γ = 1, where the
expression τ = ξ/ρ for the relaxation time was used. In
this article, the solution displays a decelerated phase an
exponential expansion for late times, corresponding to a
de Sitter phase. Moreover, our solution was obtained us-
ing the following expression for the relaxation time τ [7],
derived from the study of the causality and stability of
the IS theory in [18]
ξ
(ρ+ p) τ
= c2b , (3)
where cb is the speed of bulk viscous perturbations (non-
adiabatic contribution to the speed of sound in a dissipa-
tive fluid without heat flux or shear viscosity). Since the
dissipative speed of sound V , is given by V 2 = c2s + c
2
b ,
where c2s = (∂p/∂ρ)s is the adiabatic contribution, then
for a barotropic fluid c2s = γ − 1 and thus c2b =  (2− γ)
with 0 <  ≤ 1, in order to ensure causality, with a dis-
sipative speed of sound lower or equal to the speed of
light.
In what follows we will discuss our novel solution aim-
ing to obtain a fully physically consistent behavior within
the allowed regions of the parameters. Our goal is to find
a solution in the framework of unified DM models that
can describe consistently well the late transition between
decelerated and accelerated expansion, and, in addition,
presents a behavior consistent with the second law of
thermodynamics, in the context of a linear IS theory.
We assume in the case of accelerated expansion that the
linear version of the causal theory is valid, which occurs
within a range of the parameters involved in our solution.
II. ISRAEL-STEWART FORMALISM
In what follows we assume that the universe contains a
DM component which experiments dissipative processes
during the cosmic evolution. We assume a barotropic
EoS, p = (γ − 1) ρ, where p is the barotropic pressure,
ρ the energy density and 1 ≤ γ < 2. For a flat FLRW
universe without cosmological constant, the constraint
equation can be written, using natural units defined by
8piG = c = 1, as
3H2 = ρ, (4)
and the Einstein pressure equation is given by
2H˙ + 3H2 = −p−Π. (5)
In the IS framework, the transport equation for the vis-
cous pressure Π reads [5]
τ Π˙ + Π = −3ξH − 1
2
τΠ
(
3H +
τ˙
τ
− ξ˙
ξ
− T˙
T
)
, (6)
where “dot” accounts for the derivative with respect to
the cosmic time, τ is the relaxation time, ξ(ρ) is the bulk
viscosity coefficient, for which we assume a dependence
with the energy density of DM, H is the Hubble param-
eter and T is the barotropic temperature, which takes
the form T = T0ρ
(γ−1)/γ (Gibbs integrability condition
when p = (γ − 1) ρ) with T0 being a positive parameter.
The DM EoS, ξ(ρ) and the relaxation time are related
by Eq.(3).
It is very interesting and always desirable to obtain an-
alytical solutions to cosmological models, as they don’t
suffer from the numerical instabilities of numerical so-
lutions nor hide a different underlying behaviour of the
dynamical system, implicitly ruled out by the numerical
algorithm used. For this aim we have chosen the partic-
ular case s = 1/2 and will show a novel exact solution,
discussing its physical properties, in section IV. Thus,
from Eq.(3) the relaxation time results to be
τ =
ξ0
γ (2− γ)ρ
s−1. (7)
In order to obtain a differential equation in terms of the
Hubble parameter, we evaluate the ratios τ˙ /τ, ξ˙/ξ and
T˙ /T , which appear in Eq.(6). Using Eq.(4), we get the
following expressions
τ˙
τ
= 2 (s− 1) H˙
H
, (8)
ξ˙
ξ
= 2s
H˙
H
, (9)
and
T˙
T
= 2
(
γ − 1
γ
)
H˙
H
. (10)
From Eqs.(4) and (5), we obtain the following expression
for the viscous pressure
Π = −
(
2H˙ + 3γH2
)
, (11)
3whose time derivative is,
Π˙ = −
(
2H¨ + 6γHH˙
)
. (12)
Finally, inserting Eqs.(7-12) into Eq.(6), we obtain the
nonlinear second order differential equation for H, that
represents the general differential equation to be solved
in this model, which governs the time evolution of the
Hubble parameter
H¨ + 3HH˙ + (3)1−sξ−10 γ (2− γ)H2−2sH˙ −
(2γ − 1)
γ
H−1H˙2 +
9
4
γ [1− 2 (2− γ)]H3
+
1
2
(3)2−sξ−10 γ
2 (2− γ)H4−2s = 0.
(13)
In the special case where s = 1/2, Eq.(13) has a
phantom solution of the form H (t) = A (ts − t)−1, with
A > 0,  = 1 and the restriction 0 < γ < 3/2.
This solution was discussed in [19]. Also the solution
H (t) = A (t− ts)−1 can represent accelerated universes
if A > 1, Milne universes if A = 1 and decelerated
universes if A < 1, all with an initial singularity at
t = ts [20]. It is worthy mentioning that only the de-
celerated solution satisfies a positive entropy production,
therefore there is no transition from a decelerated phase
to an accelerated one, as it occurs in the standard model.
As we shall see below, the dynamical behavior of an exact
solution of a model described by the IS thermodynamic
formalism does not necessarily implies that its thermo-
dynamical properties behave physically consistent.
III. DE SITTER TYPE LIKE SOLUTION
There is a mathematically trivial solution of Eq.(13)
for the special value s = 1/2, which is known as a de
Sitter type solution, which coincides with the asymptotic
behavior of the ΛCDM model. In fact, for H = const a
solution of Eq.(13) reads:
H =
{
3sξ0
2
[
2 (2− γ)− 1
γ (2− γ)
]} 1
1−2s
. (14)
It is easy to see that there is no de Sitter solution
when s = 1/2 as the exponent flows up. On the other
hand, if we require a positive Hubble parameter that rep-
resents an expanding universe (or avoids a complex Hub-
ble parameter) we need to impose that the term within
parenthesis be positive. Because  = 0 and γ = 2 inde-
terminate the Hubble parameter, we have to restrict the
parameters to the regions 0 <  ≤ 1 and 1 ≤ γ < 2.
Furthermore as ξ0 > 0, an expanding universe requires
1
2
≤ 1
2 (2− γ) <  ≤ 1 with 1 ≤ γ <
3
2
. (15)
The solution of Eq.(14) was previously found in [19],
but the particular value  = 1 was used, so the lower
bound for  displayed in (15) was missing.
IV. A NOVEL ANALYTICAL SOLUTION FOR
ARBITRARY γ
A new analytical solution can be found for the Eq.(13)
if we consider the particular value s = 1/2. In fact in
this case Eq.(13) goes into
H¨ + d1HH˙ + d2H
3 − d3 H˙
2
H
= 0, (16)
where for simplicity we have defined the constants
d1 ≡ 3
[
1 +
γ (2− γ)√
3ξ0
]
, (17)
d2 ≡ 9
4
γ
{
[1− 2 (2− γ)] + 2γ (2− γ)√
3ξ0
}
, (18)
d3 ≡ 2γ − 1
γ
. (19)
In the Eq.(16) we change the variable from the cosmic
time t to x = ln (a), and the differential equation takes
the form
d2H
dx2
+ d1
dH
dx
+ d2H +
1− d3
H
(
dH
dx
)2
= 0, (20)
which is a nonlinear second order differential equation.
Further using the Ansatz
H(x) = e
− d1x
2(2−d3)φ (x) , (21)
Eq.(20) goes into the equation
d2φ
dx2
+
[
d2 − d
2
1
4 (2− d3)
]
φ+
(1− d3)
φ
(
dφ
dx
)2
= 0, (22)
i.e. we have eliminated the linear first derivative term.
Now, in order to eliminate the nonlinear term in the
above equation, we use a nonlinear second Ansatz
φ (x) = [Φ (x)]
1
2−d3 , (23)
4and Eq.(22) reduces to the following expression
d2Φ
dx2
− 1
4
[
d21 + 4d2 (d3 − 2)
]
Φ = 0, (24)
which is in fact a linear second order differential equation.
Thus, the general solution of Eq.(20) can be expressed as
H (x) = e−αx [A cosh (βx) +B sinh (βx)]γ , (25)
where A, B are integration constants, and
α =
√
3γ
2ξ0
[√
3ξ0 +
γ
3
(2− γ)
]
(26)
β =
√
3
2ξ0
√
6ξ20 (2− γ) + 2γ2 (2− γ)2. (27)
A. Mathematical properties of the solution and the
Liapunov stability of the γ = 1-limit
Before studying the behaviour of the Hubble parameter
obtained above, it is worthwhile discussing some interest-
ing mathematical properties of the solutions.
Note that the Eq.(20) is scale-invariant, i. e., if we
perform the conformal change H(x)→ σH(x) for σ con-
stant, then the differential equation remains unchanged.
We therefore look for a solution of the form
H (x) = eλx, (28)
which leads to the following condition on the constant λ
λ± =
−d1 ±
√
d21 + 4d2 (d3 − 2)
2 (2− d3) . (29)
Because Eq.(20) is a non linear differential equation, then
the superposition principle does not hold. Nevertheless,
from Eqs.(28) and (29), there are two (linearly) indepen-
dent solutions
H+ (x) = e
λ+x and H− (x) = eλ−x, (30)
but as already mentioned, a linear combination of them
does not in general fulfil the differential equation.
In order to find a general solution of the second order
differential equation, we need to explore the conditions
under which a general linear combination of the solutions
(30) is also a solution. To this aim we consider
H (x) = C1H+ (x) + C2H− (x) , (31)
and inserting this into Eq.(20) we obtain the following
condition on the parameters defined in Eqs.(17)-(19)(
λ2+ + λ
2
−
)
+ d1 (λ+ + λ−) + 2d2 + 2 (1− d2)λ+λ− = 0.
(32)
This condition does not imply a constraint on the con-
stant C1 and C2, but leads to a new condition on the
free parameters , γ and ξ0. After some computations,
the condition of (32) can be written as
(1− d3)
(2− d3)
[
4d2 − d
2
1
(2− d3)
]
= 0. (33)
From the above equation there are two possibilities. The
first on is,
c2bγ
2
6ξ20
= −1, (34)
which clearly cannot be fulfilled for real parameters. The
second possibility leads to the condition
1− d3 = 0, (35)
which implies γ = 1. Thus, the linear combination is a
solution of Eq.(20) only when γ has the particular value
1. But for this particular value the nonlinear term of
Eq.(20) vanishes and leads to a second order linear differ-
ential equation, whose solutions are indeed exponentials,
and are trivially given by the linear combination of the
form given by Eq.(31), but we the modified values of the
parameters λ¯± given by
λ¯± =
−d¯1 ±
√
d¯1
2 − 4d¯2
2
, (36)
where, d¯1 = 3(1+/
√
3ξ0) and d¯2 = 9/4(1−2+2/
√
3ξ0).
In the γ = 1-limit Eq.(20) has the remarkable property
that the trivial solutionH(x) = 0 is asymptotically stable
or Liapunov stable, as can be seen by rewriting it as the
differential first order system
du
dx
= v, (37)
dv
dx
= −d¯2u− d¯1v, (38)
where we have defined u(x) = H(x) and v(x) = du/dx.
The roots of the characteristic secular equation associ-
ated to this system are precisely λ¯± defined above, and
as d¯1 > 0 and d¯1
2−4d¯2 = 9(2+(/ξ0)2/3) < d¯1, we con-
clude that both eigenvalues are real and positive. This
is equivalent to the Liapunov stability of the system, or
from the physical point of view, the solutions are stable
under small changes (uncertainty) in the initial values
H(0) and H˙(0). For completeness sake, we write explic-
itly the solutions of the system
u(x) = a1α1 exp(λ¯+) + a2β1 exp(λ¯−), (39)
5v(x) = a1α2 exp(λ¯+) + a2β2 exp(λ¯−), (40)
where a1 and a2 are arbitrary constants, α1 = 1 = β1,
α2 = λ¯+, and finally β2 = λ¯−.
Now we want to study whether this property is pre-
served or not by the nonlinear term of Eq.(20). In or-
der to address this issue, we will consider a perturbative
analysis in a vicinity of γ = 1 by setting γ = 1 + δ,
with δ  1. We further use the following Ansatz for the
Hubble parameter
Hδ (x) = e
λ¯±x [ 1 + δ ω (x)] . (41)
Inserting the above Ansatz into Eq.(20) one obtains
the perturbative first order equation for ω:
d2ω
dx2
+ (2λ¯± + d¯1)
dω
dx
+ α = λ¯2± exp(λ¯±x). (42)
After the integration of the above equation, using for
instance the Cauchy’s formula, one finds up to irrelevant
additive constants
ω(x) =
1
λ¯± ± (d¯12 − 4d¯2)1/2
exp(λ¯±x). (43)
It is worthwhile pointing out that ω(x) has the same
form as the unperturbated solution (28) for λ replaced
by λ¯. Inserting the analytic expression for ω(x) into
Eq.(41) one sees that the exponent of the Hubble’s pa-
rameter remains negative, which leads to the conclusion
that the associated system is exponentially stable or Li-
apunov stable up to first order in δ.
Moreover, up to first order the nonlinear term in
Eq.(20) does not change the behavior of the γ = 1-
solution and therefore the scale-invariant solution (28)
is perturbatively stable in the sense that
lim
x→∞
(Hδ −H0) (x)
H0 (x)
= 0. (44)
In other words, the nonlinear contribution of Eq.(20)
does not change the asymptotic behavior of H (x) up to
first order in δ.
B. Behavior of the scale factor
In what follows we find an implicit solution for the
scale factor a(t). From the definition H = a˙/a, Eq.(25)
leads to the implicit integral representation
t+ C =
1
C3
∫
a1−α da
(Daβ/2 + Ea−β/2)γ
, (45)
where C3 is another integration constant. The above
integral can be expressed as an hyper-geometric func-
tion 2F1, in particular considering the initial condition
a(t0) = 1, the scale factor is given by the following im-
plicit expression
aα+γβ 2F1
[
γ,
α+ γβ
2β
, 1 +
α+ γβ
2β
,−D
E
a2β
]
=
2F1
[
γ,
α+ γβ
2β
, 1 +
α+ γβ
2β
,−D
E
]
+
C3 (α+ γβ)
2γE−γ
(t− t0) .
(46)
Due to the complexity of numerically solving the above
equation, the expansion behaviour of the universe will be
done instead by considering the dynamical evolution of
the Hubble parameter H, and the deceleration parameter
q = −(1 + H˙/H2). Using the expression for H(a) given
by Eq.(25), q can be expressed as
q = −1− γ
(
D
2 λ+ a
λ+ + E2 λ− a
λ−
)(
D
2 a
β + E2 a
−β) , (47)
where λ± was defined in Eq.(29).
Now, in order to simplify the above expressions, we
make the particular choice of parameters D = exp(βC4),
E = exp(−βC4) and use the redshift z defined as usual
by z = 1/a − 1, in which the limit z → ∞ corresponds
to very early times while z → −1 represents the very
far future. With these choices, the Hubble and decelera-
tion parameters have respectively the following compact
forms
H(z) = C3 (1 + z)
α
coshγ [β (ln (1 + z) + C4)], (48)
q(z) = −1 + α+ γβ tanh [β (ln (1 + z) + C4)], (49)
where C3 and C4 are constants given by
C3 =
H0
coshγ (βC4)
= H0
[
1− (q0 + 1− α)
2
γ2β2
] γ
2
, (50)
C4 =
1
β
arctanh
[
(q0 + 1)− α
γβ
]
. (51)
In the above equations H0 and q0 are the Hubble and the
deceleration parameters respectively, at the present time
t = t0. We have also set the condition a0 = 1.
Note from the Eqs.(50) and (51) that for a real Hubble
parameter the deceleration parameter q0 must fulfill the
constraints
(α− γβ)− 1 < q0 < (α+ γβ)− 1. (52)
A consequence of the above restriction is that the Hubble
parameter given by the Eq.(48) remains positive during
the whole cosmic evolution. In Fig. 1 are displayed the
allowed regions imposed by the constraint in terms of the
parameters q0, ξ0, γ and .
6The asymptotic behaviour can be easily computed with
the above expressions. For early times it holds
H (z →∞)→ C3
(
eβC4
2
)γ
(1 + z)
α+γβ
, (53)
q (z →∞)→ −1 + (α+ γβ) , (54)
while for the very far future they behave as
H (z → −1)→ C3
(
e−βC4
2
)γ
(1 + z)
α−γβ
, (55)
q (z → −1)→ −1 + (α− γβ) . (56)
Note that the behaviour of the Eqs.(53) and (54) de-
pends on the exponent (α+ γβ) defined by Eqs.(26) and
(27), which is always positive. Furthermore, this expo-
nent has the following constraint
α+ γβ ≥ 3γ
2
. (57)
Therefore, the Hubble parameter is positive at early
times, and monotonically decreasing with the redshift.
This behavior corresponds to a decelerated expansion, as
it can be see from Eqs.(54) and (57), which leads to a
lower bound for the deceleration parameter q ≥ 1/2.
On the other hand, the behavior of the Eqs.(55) and
(56) is driven by the exponent (α− γβ), which is positive
for
3 [1− 2 (2− γ)] ξ0 + 2
√
3γ (2− γ) > 0, (58)
where the expressions for α and β are given by Eqs. (26)
and (27) respectively, in terms of the parameters γ, 
and ξ0. It follows that for γ ≥ 3/2, α− γβ it is positive,
and from Eq.(55) we conclude that the Hubble parameter
goes to zero in the infinite cosmological time limit. The
same behavior arises when 1 ≤ γ < 3/2, with 0 <  ≤
1
2(2−γ) and for
1
2(2−γ) <  ≤ 1, if and only if, ξ0 satisfies
the additional inequality
ξ0 <
2γ (2− γ)√
3 [2 (2− γ)− 1] . (59)
On the other hand, if 1 ≤ γ < 3/2, then α − γβ < 0 for
0 <  ≤ 12(2−γ) , and if the constraint (59) is not satisfied,
the Hubble parameter at late times stop to decrease and
start to grow, becoming infinite at z = −1. Finally, if
1 ≤ γ < 3/2, then we have the especial case in what
α − γβ = 0 when 0 <  ≤ 12(2−γ) and if the inequality
in the Eq.(59) becomes an equality, and we will have a
constant Hubble parameter at late times.
From Eq.(56) we pointed out that, this last behavior
leads to a accelerated expansion, provided the following
two conditions are fulfilled
ξ0 >γ (2− γ)
(
6γ − 4√
3γ
)
×[
3γ2
18γ2 (2− γ)− 9γ2 + 12γ − 4
]
,
(60)
and
 >
9γ2 − 12γ + 4
18γ2 (2− γ) . (61)
If one of the above conditions is not fulfilled, then the
behavior of the Hubble parameter leads to a decelerated
expansion. The transition between the accelerated ex-
pansion to a decelerated one occurs at redshift value
zq=0 = −1 + exp
[
1
β
arctanh
(
1− α
γβ
)
− C4
]
. (62)
It is important to mention that in all cases the constraint
of Eq.(52) must be fulfilled. In Fig.1a) the behavior of
the deceleration parameter is displayed in terms of the
free parameters q0, ξ0, γ and . Note that only for large
values of epsilon and a negative q0 is possible to obtain a
transition in the past and for a z value compatible with
the observations. In Fig.1b) we have use Eq.(62) to draw
the allowed values for ξ0 and , for fixed gamma, where
we have chosen the evaluated value value from observa-
tions for the transition redshift, z = 0.64, and also the
estimated value for q0 at the present time: q0 = −0.6.
It can be also noted that the transition occurs only for
large values of , or, instead of this, for very large values
of ξ0.
C. Thermodynamical properties of the solution
In this section we will evaluate the entropy production
due to the dissipative process. For this aim the following
relation is used
dS
dt
= −3HΠ
nT
, (63)
where n is the number of particles, which has to satisfy
the conservation equation
n˙+ 3Hn = 0. (64)
The solution of the above equation in terms of the scale
factor is
n =
n0
a3
. (65)
Using Eq.(4), one sees that T = T0
(
3H2
)(γ−1)/γ
, and
from Eqs.(11) and (65) we can rewrite Eq.(63) in the
form
dS
dt
=
31/γa3
T0n0
H2/γ
(
2
dH
da
a+ 3γH
)
. (66)
Now using the expression of Eq.(48) for the Hubble pa-
rameter, the above equation can be finally written as
dS
dt
=
31/γa3
T0n0
H(2+γ)/γ×
[−2γβ tanh [β (ln (1 + z) + C4)]− 2α+ 2γ] .
(67)
7(a) Plot of the deceleration parameter as a function of the
redshift for a fixed γ = 1.1 value. The full line correspons to
 = 0.8, ξ0 = 1.05 and q0 = −0.6; the dashed line corresponds to
 = 0.4, ξ0 = 0.8 and q0 = 0.1; and dashed-dotted line one
corresponds to the values  = 0.1, ξ0 = 0.2 and q0 = 0.5.
(b) Contour plot of the allowed values for the free parameters ξ0
and  for fixed γ that leads to a transition between the
decelerated expansion to a accelerated one, which occurs at
z = 0.64 with q0 = −0.6. The full line is for γ = 1.01, dashed line
is for γ = 1.05 and dashed-doted one corresponds to γ = 1.1.
FIG. 1. Plot of the deceleration parameter as a function of
the redshift for a fixed γ value (a), and contour plot of the
allowed values for the free parameters that leads to a transi-
tion between the decelerated expansion to a accelerated one
for three different γ values (b).
Because of the second law of thermodynamics, the en-
tropy production must be a non-negative function of the
time. This requirement constraints the parameters of the
r.h.s. of the above equation, which leads to the condition
− 2γβ tanh [β (ln (1 + z) + C4)]− 2α+ 3γ ≥ 0. (68)
Similarly to what was already done for the Hubble pa-
rameter, we will analyze the above condition only for
early and very far future times. This is why we will
only consider the strict inequality of Eq.(68), and we will
study its saturation ds/dt = 0 only if it is required. It
is easy to note that if z → ∞ then the term inside the
brackets tends to the constant expression
3γ − 2 (α+ γβ) = −
√
3γ
ξ0
×[
γ (2− γ) +
√
6ξ20 (2− γ) + 2γ2 (2− γ)2
]
< 0.
(69)
On the other hand, if z → −1, the term within the brack-
ets tends to the constant expression
3γ + 2 (γβ − α) =
√
3γ
ξ0
×[√
6ξ20 (2− γ) + 2γ2 (2− γ)2 − γ (2− γ)
]
> 0.
.
(70)
Thus, Eqs.(69) and (70) show that the entropy produc-
tion is negative at early times and positive for late times,
which leads to the conclusion that this model is not fully
consistent with the physical requirement of an entropy
monotonically growing in the whole range of the cosmo-
logical time. Nevertheless, this solution has been consid-
ered from the very beginning with only one matter fluid,
which we expect to successfully describes the transition
from decelerated to accelerated expansion, but as it does
not include the contribution from radiation, that is nec-
essary to consider in order to describe early times of the
universe. From Eq.(68) it follows that the change of sign
in the entropy production occurs at a redshift value given
by
zds/dt=0 = −1 + exp
[
1
β
arctanh
(
2α− 3γ
2γβ
)
− C4
]
.
(71)
Therefore, our solution at late times can successfully de-
scribe, for certain particular parameters values, the above
mentioned transition and furthermore has a positive en-
tropy production. Of course, at late times the dominant
fluid is the pressureless DM, and therefore have to an-
alyze the particular solution with γ = 1, which is ad-
dressed in the following section. A numerical calculation
of Eq.(71) indicates us that the the transition from a neg-
ative entropy production to a positive one may occurs at
z in the range 1 < z < 5 choosing values of epsilon be-
tween 0.5 and 0.7, and 0.8 < ξ0 < 2. In other words,
allowed values of the model’s parameters can describe
an scenario where the transition from a decelerated ex-
pansion to an accelerated one, occurs while the entropy
production remains positive.
V. THE PARTICULAR CASE γ = 1
As it was observed in the section IV.A., when γ = 1
or, in other words, when a pressureless DM is considered
as the main material content of the universe, a particular
solution of Eq.(16) is obtained by Eq.(31). Considering
8Eqs.(28) and (29) with γ = 1, and recalling that x =
ln (a) = − ln (1 + z), this solution can be written as
H(z) = H0 [C1 (1 + z)
m1 + C2 (1 + z)
m2 ] , (72)
where H0 is the Hubble parameter at the present time
t = t0, and
m1 =
√
3
2ξ0
(√
3ξ0 + +
√
6ξ20+ 
2
)
, (73)
m2 =
√
3
2ξ0
(√
3ξ0 + −
√
6ξ20+ 
2
)
, (74)
C1 =
(q0 + 1)−m2
m1 −m2 , (75)
C2 =
m1 − (q0 + 1)
m1 −m2 . (76)
In the above equations q0 is the deceleration parameter
at the present time t = t0, and the conditions a0 = 1 and
C1 +C2 = 1 have been set. This solution was previously
found and discussed in [17], but with a particular rela-
tion for the relaxation time of the form ξ0ρ
s−1 (which
correspond to α = ξ0 for our), instead of the more gen-
eral relation as Eq.(7), in which the causality condition
0 <  ≤ 1 is imposed. From a perturbative point of view,
it is necessary to have a knowledge of the speed of sound
in the fluid, which has to be very close to zero in order
to be compatible with the growth of structures. In this
sense, imposing from the beginning  = 1 leads to pos-
sible solutions of the Israel-Stewart equation that could
behave reasonable at the background level, but present
drawbacks at perturbative level.
Furthermore, in the solution found in [17], Π was used
as a second initial condition, instead of using q0. The
constants m1 and m2 are reduced to the corresponding
constants in [17] by taking the particular value  = 1.
On the other hand, the Hubble parameter given by the
Eq.(48) goes into the expression for the Hubble param-
eter given by Eq.(72) when one chooses γ = 1. It is
important to mention that in this solution there is no
restriction upon q0, being the most important feature of
the new analytical solution.
A. Dynamics of the universe
In this subsection we are interested in characterizing
the expansion of the universe according to the particular
solution found in sectionV for the particular value γ = 1,
which corresponds to CDM. From the definition H = a˙/a
and from Eq.(72) it follows that
H0t+ C =
∫
am1+m2−1
C1am2 + C2am1
da, (77)
where C is an integration constant. Similarly as the
method used in the section IV-B, the integral of the
above equation can be expressed as a hyper-geometric
function 2F1. For the initial condition a(t0) = 1, the
scale factor is given by the following implicit formula
am1 2F1
[
1,
m1
m1 −m2 , 1 +
m1
m1 −m2 ,−a
m1−m2 C2
C1
]
=
2F1
[
1,
m1
m1 −m2 , 1 +
m1
m1 −m2 ,−
C2
C1
]
+ C1m1H0 (t− t0) .
(78)
As we did with the general solution, the dynamics of
the universe will be studied by considering the Hubble
parameter expressed by the Eq.(72). The deceleration
parameter can be written as
q(z) = −1 + m1C1 +m2C2 (1 + z)
m2−m1
C1 + C2 (1 + z)
m2−m1 . (79)
We will study the behavior of both parameters at early
times and at very far future. Considering the Eqs.(73)
and (74), it follows that m1 > 0 and m1 > m2 hold.
Therefore, at early times the Hubble and deceleration
parameters behaves following the simple expressions
H (z →∞)→ C1H0 (1 + z)m1 , (80)
q (z →∞)→ −1 +m1, (81)
while for very far future they behave as
H (z → −1)→ C2H0 (1 + z)m2 , (82)
q (z → −1)→ −1 +m2. (83)
In the latter case, the Hubble parameter is not neces-
sarily positive during the cosmic evolution. In fact, from
Eq.(72) one sees that the Hubble parameter is zero for
(1 + z)m2−m1 = −C1
C2
. (84)
Because 1 + z > 0, from Eqs.(80) and (82), it follows
that the Hubble parameter will always be positive for
C1 > 0 and C2 > 0, and always negative for C1 < 0
and C2 < 0. Positive at early times and negative at
late times for C1 > 0 and C2 < 0, and negative at early
times and positive at late times for C1 < 0 and C2 > 0.
Note that C1 > 0 requires the following constraint for
the deceleration parameter (see Eq.(75))
q0 >
1
2
+
√
3
2ξ0
(
−
√
6ξ20+ 
2
)
, (85)
and C2 > 0 requires the following constraint for the de-
celeration parameter
q0 <
1
2
+
√
3
2ξ0
(
+
√
6ξ20+ 
2
)
. (86)
9Hence, a positive Hubble parameter requires a decelera-
tion parameter bounded according to (see Fig.2(a))
−
√
6ξ20+ 
2 <
2ξ0√
3
(
q0 − 1
2
)
< +
√
6ξ20+ 
2, (87)
while a negative Hubble parameter, in the whole region
is clearly not possible. On the other hand, a positive
Hubble parameter at early times and negative at late
times requires that q0 fulfills the condition of Eq.(85)
and
q0 >
1
2
+
√
3
2ξ0
(
+
√
6ξ20+ 
2
)
, (88)
whose intersection is showed in Fig.2(b). Finally, a nega-
tive Hubble parameter at early times and positive at late
times requires that q0 fulfilled the condition (86) and
q0 <
1
2
+
√
3
2ξ0
(
−
√
6ξ20+ 
2
)
, (89)
whose intersection is showed in see Fig.2(c).
The behavior of Eq.(80) depends on the exponent m1
which we already mentioned that it is positive. Further-
more, this exponent has the following constraint
m1 ≥ 3
2
. (90)
Therefore, the Hubble parameter is positive at early
times and decreases when the scale factor grows up to
a positive non-zero value. If the condition (88) is ful-
filled, then the Hubble parameter decreases up to a neg-
ative value. On the other hand, if the condition (89) is
fulfilled, then the Hubble parameter is negative and in-
creases when the scale factor grows up to a positive non-
zero value. This behaviors correspond to a decelerated
expansion, as can be see from Eqs.(81) and (90), which
lead to a value of the deceleration parameter q ≥ 1/2.
On the other hand, the behavior of Eqs.(82) and (83)
depends of the exponent m2, which will be positive only
if
3 (1− 2) ξ0 + 2
√
3 > 0. (91)
Therefore, if 0 <  < 1/2, then m2 > 0 and from Eq.(82)
we will have a Hubble parameter that at late times con-
tinues decreasing, getting closer to zero and for the posi-
tives, if we fulfilled with the conditions (87) or (89). If we
fulfilled the condition (88), then the Hubble parameter
goes to zero at late times but from negatives values. The
same behavior for the Hubble parameter at late time is
possible when 1/2 <  ≤ 1, if and only if, ξ0 is given by
the constraint
ξ0 <
2√
3 (2− 1) . (92)
If 0 <  < 1/2, then m2 < 0 when the condition (92) is
violated and from Eq.(82) we will have a Hubble param-
eter that at late times tends to positive infinite value, if
(a)(Color online) Allowed values that leads to a positive Hubble
parameter, compatible with Eq.(87).
(b)(Color online) Allowed values that leads to a positive
(negative) Hubble parameter at early (late) time, see Eq.(88).
(c)(Color online) Allowed values that leads to a negative
(positive) Hubble parameter at early (late) time, see Eq.(89).
FIG. 2. Comparative graphics of the allowed values of the
parameters q0 and ξ0 for fixed , which lead to a positive H
in the whole range of cosmological time(a), positive H only
at early times and negative H at late times (b), and negative
(positive) H at early (late) time (c).
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fulfills the restrictions (87) or (89), or tends to a nega-
tive infinite value if the restriction of Eq.(88) is fulfilled.
Finally, if 0 <  < 1/2, the special case m2 = 0 arises, in
the particular case where the inequality (92) becomes and
equality and from Eq.(82) a constant Hubble parameter
at late times is obtained.
From Eq.(83) it follows this last behavior leads to a
stage of accelerated expansion when m2 < 1, and this is
only possible under the condition
ξ0 >
2
√
3
18− 1 , (93)
for
1/18 <  ≤ 1. (94)
If one of the above conditions is not fulfilled, then the
behavior of the Hubble parameter leads to a stage of de-
celerated expansion. The transition between the accel-
erated expansion and the decelerated one occurs at the
redshift value
zq=0 = −1 +
[
−C1 (1−m1)
C2 (1−m2)
]1/(m2−m1)
. (95)
In Fig.3, the behavior of the deceleration parameter q(z)
is displayed in terms of the free parameters ξ0 and  for
a positive Hubble parameter.
B. Thermodynamics properties of the solution
For γ = 1 Eq.(66) takes the form
dS
dt
=
3H2a3
T0n0
(
2
dH
da
a+ 3H
)
, (96)
and using the Eq.(72), this can be written as
dS
dt
=
3H0H
2(1 + z)−3
T0n0
×
[C1 (1 + z)
m1 (3− 2m1) + C2 (1 + z)m2 (3− 2m2)] .
(97)
Due to the second law of Thermodynamics, the above
derivative must be a non-negative function of the cosmo-
logical time. As the first factor in the above expression
is positive, a non-negative entropy production requires
[C1(1 + z)
m1 (3− 2m1) + C2(1 + z)m2 (3− 2m2)] > 0.
(98)
As we have done for the Hubble parameter, we are going
to analyzed the above condition only for early and very
far future times. This is why we only considered the strict
inequality in the Eq.(98). If z → ∞ the above term in
bracket tends to the expression
C1 (3− 2m1) > 0, (99)
(a) Plot of the deceleration parameter as a function of the
redshift. The solid line corresponds to  = 0.7, ξ0 = 0.9 and
q0 = −0.6; the dashed line to  = 0.3, ξ0 = 0.5 and q0 = 0.1; and
finally, the dashed-dotted line to  = 0.1, ξ0 = 0.2 and q0 = 0.4.
(b) Contour plot of the allowed values for the free parameters ξ0
and , which leads to a transition between an accelerated
expansion to a decelerated one occurring at z = 0.64 and for
q0 = −0.6.
FIG. 3. Plot of the deceleration parameter as a function of
the redshift for fixed γ = 1.1 (a), and contour plot of the
allowed values for free parameters that lead to a transition
between the decelerated expansion to an accelerated one (b).
but from Eqs.(73) and (74) it follows
3− 2m1 = −
√
3
2ξ0
(
+
√
6ξ20+ 
2
)
< 0, (100)
3− 2m2 =
√
3
2ξ0
(√
6ξ20+ 
2 − 
)
> 0, (101)
so, the Eq.(100) shows that a positive entropy production
at early times requires a negative constant C1, which con-
tradicts the content of the Eq.(85), i.e., a positive entropy
production at early times necessarily implies a negative
Hubble parameter. On the other hand, for z → −1 the
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terms in brackets in Eq.(98) tends to the expression
C2 (3− 2m2) > 0, (102)
and the Eq.(101) shows that a positive entropy produc-
tion at early times requires a positive constant C2, that
is the condition indicated in the Eq.(86), i.e., a positive
entropy production at late times necessarily requires a
positive Hubble parameter at this times. Thus, a pos-
itive entropy production for all the cosmic evolution is
only possible for a Hubble parameter that is negative at
early times an positive at late times. In the other hand,
a positive Hubble parameter for all the cosmic evolution
leads to a negative entropy production at early times and
positive at late times. From Eq.(97) it can be see that
the change of sign in the entropy production occurs at
redshift given by
zds/dt=0 = −1 +
[
−C1 (3− 2m1)
C2 (3− 2m2)
]1/(m2−m1)
. (103)
A numerical calculation of Eq.(103) indicates us that the
the transition from a negative entropy production to a
positive one may occurs at z in the range 1 < z < 5
choosing values of epsilon between 0.5 and 0.7, and 0.8 <
ξ0 < 2. The result is similar to the case of γ 6= 1 but in
this case, the value of the redshift es lower than the value
for the general case, for the same values of  and ξ0; even
so, the intervals are the same. The conclusion is this case
is similar to the former case γ 6= 1.
C. Special cases of the particular solution
In the Eq.(72) there are two particular cases: i) C1 = 0
and C2 = 1 and ii) C1 = 1 and C2 = 0. These particular
cases were not addressed so far because they lead to quite
different physical scenarios that we will discuss in this
section.
From Eq.(75) we see that in the case i) the deceleration
parameter has the particular value
q0 = m2 − 1, (104)
which correspond to Eq.(85) but with
q0 =
1
2
+
√
3
2ξ0
(
−
√
6ξ20+ 
2
)
. (105)
This leads to a Hubble parameter as a function of the
scale factor of the form
H (a) = H0a
−m2 , (106)
which is always positive during cosmic evolution. The
scale factor can be obtained straightforwardly, and is
given by
H0t+ C =
∫
am2−1da, (107)
where C is an integration constant.
Taking m2 = 0 in Eq.(106) we obtain a de Sitter type
expansion with a constant Hubble parameter. The scale
factor, with the initial condition a(t0) = 1, is given as a
function of time by the expression
a (t) = eH0(t−t0). (108)
For m2 6= 0, the scale factor as a function of the cosmic
time is given by
a (t) = [H0 (t− t0)m2 + 1]1/m2 . (109)
Inserting this expression into Eq.(106), one obtains the
following Hubble parameter
H (t) =
H0
H0 (t− t0)m2 + 1 . (110)
In order to avoid nonphysical scale factors. The solution
(109) represents an universe with an origin at time t =
t0−1/(H0m2) and with an accelerated expansion for 0 <
m2 < 1 and a decelerated expansion for m2 > 1. The
case m2 = 1 is clearly an universe with constant rate of
expansion during the whole cosmic evolution. Finally, for
m2 < 0 the Eq.(109) can be rewritten as
a (t) =
1
[1−H0 (t− t0) |m2|]1/|m2|
, (111)
where clearly one needs to impose
t < t0 +
1
H0|m2| . (112)
In this case the Eq.(111) represent an emergent universe
with an accelerated expansion at late times and a Big
Rip at the time tBR = t0 + 1/(H0|m2|).
Let us see now the behavior of the above solution in
terms of their entropy production. In the case i) Eq.(97),
for the particular values C1 = 0 and C2 = 1, gives the en-
tropy production as a function of the scale factor, which
yields
dS
dt
=
3H30
T0n0
(3− 2m2) a3(1−m2), (113)
which indicates that the entropy production is always
positive since 3−2m2 > 0 by Eq.(101). Within this range
of the parameter m2 we have the cosmological scenarios
with accelerated expansion (0 < m2 < 1), with decel-
erated expansion (m2 > 1) and expansion at constant
rate (m2 = 1). These special cases have the particular-
ity of the absent of transition from a decelerated phase
to an accelerated expansion. I this sense they present a
well behavior in terms of the thermodynamics but they
are unable to model the universe like the ΛCDM model
where a transition from the DM dominated era to the
DE era naturally appears.
The other case, C2 = 0 and hence C1 = 1 will not
be addressed explicitly as it drives to a cosmic evolution
with nonphysical negative entropy production.
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VI. CONCLUSIONS
We first point out that in the general novel solution
for arbitrary γ, the entropy production is negative at
early times while it is positive for late times, being the
Hubble parameter positive. Moreover, a transition from
a decelerated phase to an accelerated one is only possible
for large values of  (see Eqs.(60) and (61)).
In the particular case γ = 1, one sees that the Hub-
ble parameter can be positive or negative at early times
as well as late times, depending on the election of the
deceleration parameter q0. It is worth mentioning that
this accelerated expansion is compatible with a positive
Hubble parameter at late times, and therefore one needs
a q0 value that fulfills the conditions indicated above in
Eq.(89), which is possible for some values of the free pa-
rameters. In particular, for 1/18 <  ≤ 1 an accelerated
expansion arises if and only if, ξ0 satisfies the inequal-
ity of Eq.(93). Nevertheless, if 0 <  ≤ 1/18, then the
accelerated expansion will not be possible, independent
of the value of ξ0. From the thermodynamical point of
view, we have found that the entropy production for this
model can be positive or negative depending on the Hub-
ble parameter at early and late times. As our model con-
tains only one cold fluid as the main component of the
universe, it should only be considered as an adequate ap-
proximation for the late time evolution, where cold DM
dominates. In this sense, our model cannot expected
to be fairly representative of the early times evolution,
where ultrarelativistic matter dominates, which implies
that the positiveness of the entropy production at late
times must hold.
As a summary, the solution for γ = 1 and 1/18 <  ≤ 1
should be considered as a suited scenario of a cosmic evo-
lution: it has a transition between decelerated and accel-
erated expansions, and at the same time, it has a positive
entropy production at late times. Its non-physical neg-
ative entropy production at early times should not be
considered a reason to discard it, as it was argued above.
One unwanted feature of the solution is that the accel-
erated expansion at late times happens only for a relative
large  value, which implies that the non-adiabatic con-
tribution from dissipation to the speed of sound would
be to large.
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